Cavitation often involves an abrupt phase change phenomenon. This phenomenon causes cavitation erosion on the material surface. In particular, violent bubble collapse near the material surface causes severe erosion. Numerical simulation is a powerful approach by which to clarify the high-speed, complex bubble collapse behavior near the wall boundary. In the present study, numerical analysis of nonspherical bubble collapse behavior and induced impulsive pressure at several initial standoff distance from the wall boundary is performed using a locally homogeneous model of a gasliquid two-phase medium. The second collapse is confirmed to be more violent than the first collapse, and a circular erosion pattern is predicted owing to a toroidal bubble collapse attached to the wall boundary at a certain standoff distance. The influence of the symmetry breaking of the initial spherical bubble shape on the collapse behavior is investigated, and the asymmetry is found to influence the second bubble collapse, especially the generation of the high impulsive pressure in the central area.
Introduction
Cavitation is accompanied by a high-speed bubble deformation with an abrupt phase change and occurs in various high-speed liquid flows when the local static pressure in the liquid is lower than the saturated vapor pressure. This phenomenon causes several problems, including performance degradation of fluid machinery, noise, vibration, and erosion on the material surfaces. Violent collapse of a cavitation bubble causes these problems when the bubble arrives at a region in which the ambient pressure recovers. In particular, a bubble collapse near the wall boundary causes severe erosion of the material surface. As such, a number of studies have investigated the bubble dynamics near the wall boundary. It has been reported that the pressure wave radiating from a rebounding bubble (e.g., Hickling and Plesset (1) and Fujikawa and Akamatsu (2) ) and the microjet generated from a collapsing bubble near the material surface (e.g., Naude and Ellis (3) and Plesset and Chapman (4) ) are the main causes of cavitation erosion. The bubble behavior and the erosion pattern are dependent largely on the distance between the position of bubble generation and the wall boundary, and the second collapse of the bubble has been reported to generate a high impulsive pressure (5) , (6) . As stated above, even a single bubble collapse is a very complex phenomenon.
Numerical studies are performed in order to elucidate the complex bubble behavior. Plesset and Chapman (4) and Takahira et al. (7) analyzed the microjet generation and the torus bubble behavior after microjet penetration using the boundary element method. In order to analyze the wall impulsive pressure induced by bubble collapse, it is necessary to simulate a pressure wave propagating into ambient water. Doihara and Takahashi (8) simulated a two-dimensional cylindrical bubble by the CIP method, which is a Eulerian calculation method that deals with compressible and incompressible fluids simultaneously, and captured the toroidal bubble collapse during the second collapse. Takahira et al. (9) simulated a bubble shock wave interaction by the ghost fluid method to correctly capture the gas liquid interface.
In the present study, the locally homogeneous model of a gas-liquid two-phase medium (10) , (11) is used for numerical simulation. This model treats the two-phase medium as a pseudosingle-phase medium and considers the compressibility of both the gas and liquid phases. Therefore, this model is suitable for the simulation of a pressure wave propagating into a liquid. Nonspherical bubble collapse behavior near the wall boundary is numerically analyzed, and the influence of the distance between the initial bubble position and the wall boundary on the bubble behavior and the impulsive pressure is discussed. The results of experimental studies have indicated that bubble collapse at a certain initial standoff distance causes a circular erosion pattern (5) , (6) . Philipp and Lauterborn (6) suggested that the toroidal bubble collapse during the second collapse causes this erosion pattern. Therefore, in the present study, the collapse of a toroidal bubble during the second collapse is analyzed in detail. 
Nomenclature

Numerical Method
In order to clarify the cavitation bubble collapse phenomenon and the induced high impulsive pressure, the large deformation behavior of cavitation bubble and the complex wave phenomena, e.g. the propagations of a shock and expansion waves radiated by a rebounding bubble and their interaction with bubble and rigid wall, are necessary to be captured simultaneously. Such a bubble collapse is considered to be a high-speed phenomenon where the compressibility is primarily predominant. Therefore, in the present study, a compressible locally homogeneous model of a gas-liquid two-phase medium (10) , (11) is applied to bubble collapse simulation. The applicability of this model is indicated later. This model treats the two-phase medium as a pseudo-single-phase medium, which has a locally homogeneous void fraction. The liquid phase and the gas phase are assumed to follow respectively the Tamman type equation of state (12) and the equation of state for an ideal gas.
Considering that an unlimited number of infinitely small bubbles like cavitation nuclei or droplets are distributed homogeneously in the subgrid scale control volume of the gas-liquid two-phase medium, the density of the locally homogeneous medium can be expressed as a linear combination of the gas phase and liquid phase densities with the void fraction α, as Vol.6, No.6, 2011 follows:
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The equation of state of the homogeneous medium is expressed in terms of Y as follows, assuming local equilibrium of pressure and temperature between the gas phase and the liquid phase, and using the relationship between Y and α such as
where p c , K l , T 0 , and R g are the liquid pressure constant, the liquid constant, the liquid temperature constant, and the gas constant, respectively. The governing equations (the continuity equation, the momentum equation and the total energy equation of a compressible two-phase medium, and the continuity equations of the mixture gas and the noncondensable gas) are expressed as follows:
(7)
where H = (e + p) /ρ, τ i j , q j , μ, and κ are the total enthalpy per unit mass, the stress tensor, the heat flux, the viscosity, and the heat conductivity, respectively. In addition, e is expressed as follows, assuming that the enthalpy per unit mass h is a linear function with respect to T (h = C pm T +h 0m , where C pm and h 0m are the specific heat at constant pressure and the enthalpy constant of the two-phase medium, respectively):
Furthermore,ṁ is the phase change term. The evaporation or condensation rate per unit surface area at the interfaceṁ b is expressed by the Hertz-Knudsen-Langmuir equation (14) :
where C e/c , T b , p * v , p v , and R gv are the evaporation or condensation coefficient at the bubble wall, the temperature in a bubble, the saturated vapor pressure, the partial pressure of vapor, and the gas constant of vapor, respectively. The evaporation or condensation rate per unit volume in a two-phase mediumṁ is modeled as follows, assuming T b = T and using the representative bubble radius R rep and the bubble number density n:
) Science and Technology Vol.6, No.6, 2011 Furthermore, it is approximated that n = α(1 − α)/(4π/3R 
where A is the interfacial area concentration in the gas-liquid mixture and
In the present study, both model constants C e C a and C c C a are set to 10 3 m −1 . The working fluids are considered to be water, vapor, and air, where vapor and air (noncondensable gas) are included in the gas phase. The saturated vapor pressure of water p * v is given by the empirical formula (15) . The surface tension is not considered in the present study.
Here, C pm and h 0m are expressed as linear combinations of C pl and C pg and of h 0l and h 0g , respectively, in terms of Y, and C pg , h 0g , and R g are expressed as linear combinations of C pa and C pv , h 0a and h 0v , and R ga and R gv , respectively, in terms of D a .
The applicability of this model to numerical simulation of bubble collapse is explained as follows. Simply considering one-dimensional Euler equation instead of the governing equation Eq. (3), four eigenvalues of Jacobian matrix are obtained as a multiple root u and u ± c where u and c are respectively velocity and speed of sound for the gas-liquid two-phase medium. The multiple roots corresponds to two discontinuities of contact surface and void fraction. If these discontinuities are given as an initial condition, they propagate along the characteristics with velocity u. According to above mathematical nature, the bubble collapse behavior with large deformation and the complex interaction of induced waves with u ± c can be simultaneously simulated by giving initial condition of density and void fraction jumps across the bubble interface in grid scale. In this numerical method, the bubble interface is not tracked explicitly but implicitly. Therefore, the bubble shape in grid can be described as envelope surface of void fraction discontinuity.
The initial condition of void fraction is given by α = 1.0 inside the bubble and 8.5 × 10
outside the bubble where bubble nuclei in liquid are assumed to exist. This permits bubble interface to hold large density jump subsequently. The discretization is performed using the finite volume method, the fourth-order RungeKutta method for time integration, and the AUSM type upwind scheme (16) with third-order MUSCL-TVD (17) to evaluate the numerical flux.
Calculation Condition
In the present study, the axisymmetric calculation, in which the axis of symmetry is perpendicular to the wall, and the plane-symmetric calculation, in which the symmetric planes are the two orthogonal planes perpendicular to the wall, are performed. The initial mixture gas pressure in the bubble p in is 3 kPa, the liquid pressure p out is 100 kPa, and the gas and liquid temperatures T in and T out are 293.15 K. And the initial partial pressure of vapor is the saturated vapor pressure at 293.15 K. In the axisymmetric calculation, the initial bubble radius R 0 is 1.5 mm. In the plane-symmetric calculation, the y-axis is perpendicular to the wall and the x-and z-axes are parallel to the wall. The initial bubble radii of the spheroid in the direction of each axis R 0x,y,z are determined from the relationships R 0x = R 0y and R 0z /R 0x = ( = 1.0 and 1.1), and the bubble volume is the same as that of the spherical bubble with R 0 = 1.5 mm. The calculation areas for the axisymmetric and plane-symmetric calculations are shown in Fig. 1 . The area is composed of the main calculation area near the bubble and the buffer region outside of the main calculation area. The main area is 2.3R 0 × 3.4R 0 ((r direction) × (y direction)) and the grid spacing is 0.01R 0 in each direction. The buffer region is the region from the main area to 40R 0 and the grid number of the buffer region is 20 in each direction. The calculation area for the plane-symmetric calculation has a main area of 2.3R 0 × 3.4R 0 × 2.3R 0 ((x direction) ×
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Vol. 6, No.6, 2011 (y direction) × (z direction)) and a buffer region. In the main area, the grid spacing is 0.02R 0 in each direction. The total grid numbers for the (a) axisymmetric calculation and the (b) plane-symmetric calculation are 251 × 361 and 136 × 191 × 136. The wall boundary condition are the non-slip condition for velocity and the Neumann condition for scalar quantities. 
Results and Discussion
Validation of the Calculation Method
First, the axisymmetric calculation is performed for a collapsing bubble in an infinite liquid without a wall boundary. Figure 2 shows the time history of the bubble radius in the calculation using the grid system 251×251 (radial direction × axial direction), where the outer 20 grids for each direction form the buffer region. The radius calculated by the present method indicates the equivalent radius. The time and the radius are normalized by t c = R 0 / p out /ρ out and R 0 , respectively. Figure 2 also shows the time history of the oscillating bubble radius calculated by Keller's equation (18) . In Keller's equation, it is assumed that the internal gas of a bubble behaves adiabatically or isothermally. Figure 2 shows that the first collapse time of present calculation is almost the same as that of Keller's equations. Then, it is shown that the present calculation method can reasonably predict the following bubble collapse behavior. The minimum radius of the present calculation (2.8 × 10 −2 R 0 ) is larger than that of the isothermal calculation (2.9 × 10 −3 R 0 ) and smaller than that of the adiabatic calculation (4.7 × 10 −2 R 0 ), as well as the calculation result obtained by Tomita and Shima (19) considering the phase change.
The maximum radius after the rebound of the present calculation is larger than that of the isothermal calculation and smaller than that of the adiabatic calculation. Next, the influence of the grid resolution on the induced pressure wave, which is an important factor in predicting cavitation erosion, is examined. Three different grid resolutions 136 × 136, 251 × 251, and 481 × 481 are used. Table 1 shows the maximum pressure at several points for each calculation. These pressures are the pressures at which the pressure wave induced by the bubble collapses and rebounds through the points. The influence of the grid resolution on the pressure near the bubble center r/R 0 = 0.25 is small, but when the grid resolution is low, the pressures are low at r/R 0 = 1.00. The attenuation rate for the 136 × 136 grid resolution is larger than the rates for the grid resolutions of 251 × 251 and 481 × 481. A pressure wave is found to be excessively attenuated when the grid resolution is low. Therefore, grid resolution is important in capturing the propagating behavior of the pressure wave. In the axisymmetric calculations of the following sections, a grid system of the same grid resolution of 251 × 251 is used because the attenuation at the grid resolution of 251 × 251 is similar to that at the grid resolution of 481 × 481. Science and Technology Vol.6, No.6, 2011 Figure 3 shows the bubble shapes at several times at nondimensional standoff distances of γ = l 0 /R 0 = 1.5 and 1.0, where l 0 is the distance between the bubble center and the wall boundary. The broken lines indicate the results reported by Plesset and Chapman (4) . The solid lines indicate the isolines of the 50% void fraction in the present calculation. The bubble shapes of the present calculation during the bubble first collapse are similar to the shapes reported by Plesset and Chapman for both values of γ, and the present numerical method is thought to be valid for the calculation of nonspherical bubble collapse near the wall boundary.
Nonspherical Bubble Collapse Behavior near the Wall Boundary (γ = 1.4)
In this section, the typical simulation results for a bubble collapse near the wall boundary using the axisymmetric calculation are discussed. The nondimensional standoff distance from the wall boundary γ is found to be 1.4. The bubble behavior at γ = 1.4 is thought to be characteristic because the strongest indentations are distributed circularly in the experiment conducted by Philipp and Lauterborn (6) . Figure 4 shows the time evolution of the distribution of the void fraction and the isolines of the pressure in void fraction region lower than 10%. At the initial stage, the bubble remains almost spherical (Fig. 4 (i) ). The bubble then begins to become elongated perpendicular to the wall (Fig. 4(ii) ). The pressure field indicates that the pressure in the region under the bubble is lower and that the pressure in the region above the bubble is higher. Therefore, the upper part of the bubble shrinks more rapidly and becomes flat (Fig. 4(iii) ). At t = 1.003t c , a microjet directed toward the wall boundary appears at the maximum velocity of 185 m/s. A water hammer pressure is generated by the microjet penetration to the lower bubble wall (Fig. 4(v) ), and a pressure wave induced by the water
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Vol. 6, No.6, 2011 hammer pressure propagates into the ambient liquid (Fig. 4(vi) ). At the same time, a highpressure region is observed at the collapse position of the bubble, and a pressure wave is radiated from the rebounding torus bubble to the ambient liquid (Fig. 4(vii) ). The pressure wave is reflected at the wall boundary and propagates with the interaction of the rebounding bubble (Fig. 4(viii) ). Figure 5 shows the time history of the wall pressure on the bubble central axis during the first collapse. As shown in Fig. 5 , there are two main peaks of the wall pressure during the first collapse. The former peak is caused by the pressure wave induced by the microjet penetration into the lower bubble wall, and the latter peak is caused by the pressure wave radiating from the rebounding bubble. The maximum peak pressure is found to be caused by the pressure wave radiating from the rebounding bubble. In this case, the microjet originates far from the wall boundary and does not cause an impulsive pressure. The bubble becomes attached to the wall boundary during the rebound stage after the first collapse (Fig. 4(xi) ). This indicates that the bubble moves toward the wall boundary during the first collapse and rebound stage. Figure 6 shows the time history of the bubble center
Vol.6, No. 6, 2011 position from the wall. The translational motion of the bubble is very large at the final stage of the first collapse (1.00 ≤ t/t c ≤ 1.05 in Fig. 6 ). The translational motion was observed experimentally (20) . The translational motion causes the attachment of the bubble to the wall boundary ( Fig. 4(xi) ). A thin void area is generated in the top of the torus bubble during the rebound stage (Figs. 4(x) and 4(xi)), suggesting the formation of a counterjet, which has been observed experimentally (21) . Figure 7 shows the time evolution of the evaporation rate and the distribution of the velocity vectors during the appearance of the counterjet. Figure  7 also shows the isolines of the void fractions of 10% and 50%. The translational motion is confirmed by the velocity vectors inside the bubble toward the wall boundary in Fig. 7 . A thin void area (the area between isolines of void fractions of 10% and 50%) expands in the top of the torus bubble, and this expansion is thought to result in the formation of a counterjet (Figs. 7(iii) and 7(iv)). The velocity vectors shown in Fig. 7 do not exhibit an upward flow, which would indicate a counterjet. According to the evaporation rate in the counterjet, evaporation begins to occur at t = 1.075t c , and the generation of the counterjet is thought to be caused by the evaporation and the expansion of noncondensable gas and vapor in the counterjet. A microjet develops in the central region during the second collapse as well as during the first collapse (Fig. 4(xii) ). The microjet penetrates the bubble and collides with the wall boundary. However, the maximum velocity of the microjet is small (22 m/s) and the microjet does not cause a high impulsive pressure. In addition, a toroidal bubble attached to the wall boundary forms (Fig. 4(xiii) ). This toroidal bubble is divided into upper and lower parts (Fig.  4(xiv) ), and the pressure wave is induced by the toroidal bubble collapse (Fig. 4(xv) ). The collapse of the toroidal bubble causes a high impulsive pressure because the toroidal bubble collapses near the wall boundary. The pressure wave propagates into the ambient liquid and converges to the central area on the wall (Fig. 4(xvi) ). There is a remaining void area at the central area (Fig. 4(xiv) ), and an area of high pressure occurs in the central area because the remaining void area collapses as a result of the pressure wave (Fig. 4(xvi) ). Figure 8 shows the spatial distribution of the maximum impulsive pressure during the first and second collapses, respectively. The distribution of the maximum impulsive pressure during the first collapse in Fig. 8 is caused by the pressure wave radiating from the rebounding bubble. There are three peaks in the distribution during the second collapse. The peaks at r/R 0 = 0.3 and 0.5 are caused by the divided toroidal bubble collapses and the central peak is caused by the remaining void area collapse in the central area. The maximum pressure during the second collapse is higher than that during the first collapse. Therefore, the second collapse is thought to be more violent than the first collapse because the bubble collapses are attached to the wall boundary during the second collapse. Moreover, it has been suggested, based on experimental evidence (5) , (6) , that, in addition to the first collapse, a second collapse (the collapse of a toroidal bubble) generates a high impulsive pressure. The numerical results of the present study are in qualitative agreement with these experimental results.
As mentioned above, phenomena typically observed in experimental studies (5) , (6) , namely, Science and Technology Vol.6, No.6, 2011 microjet generation, two types of pressure waves and translational motion toward the wall boundary during the first collapse, counterjet generation during rebound, and generation and collapse of the toroidal bubble attached to the wall boundary during the second collapse, are confirmed to be realized by the present numerical method.
Influence of Initial Standoff Distance from the Wall Boundary
The bubble collapse behavior and the erosion pattern are known to be influenced by the bubble standoff distance from the wall boundary (5) , (6) . Therefore, the influence of the bubble standoff distance is analyzed. In the present study, axisymmetric calculations are performed for the range of 1.0 ≤ γ ≤ 3.0. At γ = 3.0, the main calculation area is 2.3R 0 × 4.5R 0 . First, the influence of the standoff distance on the first collapse is discussed. Figure 9 shows the peak values of the wall pressure on the central axis at several standoff distances during the first collapse. Two peak pressures are shown in Fig. 9 if there are two peaks in wall pressure, as in the case of γ = 1.4. Bubble collapse will be aspherical owing to the wall boundary during the first collapse. Since γ is large, the bubble collapse behavior is similar to a spherical bubble collapse behavior. The microjet occurs and the bubble still collapses aspherically at even γ = 3.0, which is the largest value in the present calculation. Since the time difference between the time of microjet penetration and the time during which the minimum bubble radius occurs is very short, in the range of 1.7 ≤ γ ≤ 3.0, only one pressure wave appears to arrive at the wall boundary, as shown in Fig. 10 , which presents the time history of the wall pressure on the bubble central axis at γ = 1.9 during the first collapse. When γ is reduced further, the time difference becomes large. In the range of 1.2 ≤ γ ≤ 1.5, two types of pressure waves are induced, as discussed previously for the case in which γ = 1.4. In the range of 1.2 ≤ γ ≤ 1.5, the first and second peaks in Fig. 9 are due to the pressure waves radiated from the rebounding bubble and induced by the microjet penetration, respectively. At γ = 1.1 and 1.0, the bubble collapse behavior becomes more complex. Figure 11 shows the time evolution of the void fraction distribution and the pressure isolines at γ = 1.0. At γ = 1.0 the toroidal bubble is separated into upper and lower bubbles after the generation of the first microjet ( Fig. 11(ii) ) and the pressure waves are induced by the collapses of the upper and lower parts (Figs. 11(iii) and 11(iv) ). The pressure wave generated by the collapse of the lower part converges to the central area on the wall and causes a high impulsive pressure in this area. At γ = 1.0, the first and second peaks shown in Fig. 9 are generated by the pressure wave radiated from the lower and upper parts, respectively.
Next, the influence of standoff distance on the second collapse is discussed. Figures 12  and 13 show the bubble shapes after rebound and the shapes at the final stage of the second collapse at several γ, respectively. It is found that, at γ = 3.0, the main bubble shape is elongated toward the wall boundary after the rebound owing to a microjet generated during the first collapse (Fig. 12(i) ). The bubble collapses apart from the wall boundary during the second collapse, as shown in Fig. 13(i) . Therefore, the wall pressure at γ = 3.0 is very low, having a maximum value of 42 p out . At γ = 1.9, the shape of the main bubble after the rebound is similar to that at γ = 3.0, but the bubble leg is attached to the wall boundary ( Fig. 12(ii) ). A main bubble is detached from the wall boundary and a remaining void area is attached to the wall boundary during the second collapse ( Fig. 13(ii) ). The remaining void area collapses violently owing to the pressure wave, which is induced by the second collapse of the main bubble. Therefore, the pressure wave is largely attenuated and does not contribute to the violent wall pressure. On the other hand, the central remaining void area attached to the wall boundary induces the violent impulsive pressure. In the range of 1.2 ≤ γ ≤ 1.7, a microjet penetrates to the bubble center, and a toroidal bubble forms at γ = 1.4 ( Fig. 4(xiv) ). At γ = 1.1, separate toroidal and center parts are attached to the wall boundary ( Fig. 12(iii) ). However, the collapse behavior is different from that at γ = 1.4, and the toroidal bubble collapses before the center part collapses (Figs. 12(iii) and 13(iii)). Figure 14 shows the maximum wall pressures in the central area and the toroidal area, in which the toroidal bubble collapses during the second collapse at several γ. The maximum wall pressures in the central area at γ = 1.1 and 1.0 are extremely high, and the pressures at γ = 1.9 and 1.4 are also high. These high pressures are due to the collapse of the central remaining void part. According to the maximum wall pressure in the toroidal area in Fig. 14 , a toroidal bubble forms in the range of 1.0 ≤ γ ≤ 1.7, and it is found that there is the peak at γ = 1.3. Figures 9 and 14 reveal that, except at γ = 3.0, the maximum wall pressure in the central area during the second collapse is higher than that during the first collapse. In addition, the maximum wall pressure in the toroidal area in the range of 1.3 ≤ γ ≤ 1.7 is also higher than the maximum wall pressure during the first collapse. Therefore, the second collapse is thought to be more violent than the first collapse, except at γ = 3.0. Next, the variation of the erosion pattern predicted by the present axisymmetric calcula- 
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Vol. 6, No.6, 2011 Fig. 14 Maximum wall pressure during second collapse at several standoff distances tion with respect to γ is discussed, based on the maximum wall pressures (Figs. 9 and 14) . It is thought that the intensity of the bubble collapse at γ = 3.0, which is the maximum value of γ in the present study, is weak because the maximum wall pressure (133 p out ) is considerably lower than these at other γ (Figs. 9 and 14, the second lowest value is 1210 p out at γ = 1.2). When γ is reduced from γ = 3.0, the extremely high wall pressure (2734 p out ) occurs only in the central area during the second collapse, as shown in the case of γ = 1.9 ( Fig. 14) , and cavitation erosion is expected to occur in the central area. When γ is reduced further, a toroidal bubble attached to the wall boundary collapses during the second collapse in 1.0 ≤ γ ≤ 1.7, and a circular erosion pattern is expected. However, the maximum pressure in the central area is higher than that in the position of the toroidal bubble collapse at most γ, owing to the convergence of the pressure wave induced by the toroidal bubble collapse and the existence of the central remaining void area, and cavitation erosion is also expected to occur in the central area. At γ = 1.1 and 1.0, the wall pressure in the central area becomes extremely high again (Fig. 14) , and cavitation erosion is expected in the central area. Figure 14 shows that the maximum wall pressure in the central area during the second collapse at most γ are extremely high and strong cavitation erosion is expected in the central area. This result does not agree qualitatively with the experimental results (5) , (6) , which indicates that strong damage does not occur in the central area at a certain γ. The pressure in the central area is thought to be largely influenced by the axisymmetric calculation. In this section, the collapse behavior of the slightly aspherical bubble at the initial time is analyzed in order to include the influence of the symmetry breaking of the initial bubble shape on the collapse behavior. Three-dimensional plane-symmetric calculation is used to simulate an aspherical bubble. The initial standoff distance of γ = 1.4 is selected.
Collapse of Slightly Aspherical Bubble
The calculation results for = 1.0, which exhibits a spherical initial bubble shape, and = 1.1, which exhibits a slightly aspherical initial bubble shape, are compared. Figure 15 shows the time histories of the equivalent bubble radius at = 1.0 and 1.1. The time histories appear to be similar until the second collapse. Figure 16 shows the spatial distributions of the maximum wall pressure during the first collapse. The spatial distributions along the x-axis at = 1.0 and 1.1, and along z-axis at = 1.1 during the first collapse are shown in Fig. 16 . Comparison of the distribution along the x-axis at = 1.0 and 1.1 indicates that the maximum value of = 1.0 is approximately 20% higher than that of = 1.1, although the distributions are similar. The distributions along the x-and z-axes at = 1.1 are also similar. Therefore, it is thought that the symmetry breaking of the initial bubble shape at = 1.1 is small and does not significantly influence the bubble behavior or the wall pressure until the first collapse. Figures 17 and 18 show the time evolution of the isosurfaces of the 10% void fraction and the wall pressure distribution during the second collapse at = 1.0 and 1.1, respectively. At = 1.0, the microjet develops in the bubble central area and penetrates to the lower bubble Science and Technology Vol.6, No.6, 2011 wall, and the toroidal bubble attached to the wall boundary forms (Figs. 17(i) and 17(ii)) as the case of the axisymmetric calculation (Fig. 4) . After that, the toroidal bubble collapses from the 45-degree directions from the x-axis to the z-axis (Fig. 17(iii) ). Based on the aspect of the isosurface of the 10% void fraction in Fig. 17(iii) , the toroidal bubble is separated circumferentially and into upper and lower parts. When the toroidal bubble collapses and rebounds, the pressure waves originate at four points on the x-and z-axes and propagate into the ambient liquid ( Fig. 17(iv) ). These pressure waves converge to the central area, and the remaining void area at the central area collapses, which causes the maximum wall pressure. However, in this case, it remains possible that such bubble behavior during the second collapse results from the resolution of rectangular grids and the directional accuracy of numerical scheme in the plane-symmetric calculation. On the other hand, at = 1.1, there is a bubble attached to the wall boundary, the length along the x-axis of which is slightly longer than that along the z-axis (Fig. 18(i) ). After the second microjet penetrates to the lower bubble wall, the toroidal bubble attached to the wall boundary forms (Fig. 18(ii) ) as well as = 1.0. The toroidal attached bubble collapses from the direction of the x-axis owing to the asymmetry of the bubble shape and separates circumferentially into two parts (Fig. 18(iii) ). This indicates that the influence of the asymmetry of the initial bubble shape is larger than that of the numerical resolution. The pressure waves originate at two points on the z-axis (Fig.  18(iv) ) and propagate into the ambient liquid. Figure 19 shows the spatial distributions of the maximum wall pressure at = 1.0 and 1.1. At = 1.0, extremely high impulsive pressures occur at four points on the x-and z-axes and in the central area (Fig. 19(i) ). The four points on the x-and z-axes are located at the positions at which the toroidal bubble collapses. The maximum pressure in the central area is higher than that at the positions of the toroidal bubble collapse. At = 1.1, extremely high impulsive pressures occur at only two points on the z-axis, and there is no high impulsive pressure in the central area. The result of the lack of high wall pressure in the central area is the most remarkable characteristic at = 1.1, compared to the case of = 1.0. This is because the number of pressure waves is two, as compared to four at = 1.0, and the position of the toroidal bubble collapse at = 1.1 (x/R 0 = 0.6) is farther outside that at = 1.0 (x/R 0 = 0.3). Moreover, there are no remaining void areas in the central area at = 1.1. Consequently, the initial slight asymmetry largely influences the intensity of the second collapse, especially the generation of the high wall pressure in the central area. Philipp and Lauterborn (6) investigated the collapse behavior of the laser-generated bubble near the solid boundary and the erosion pattern caused by the collapse, and showed that, in most cases, at γ = 1.41, the toroidal bubble induces mainly two shock waves because the velocity of the toroidal bubble collapse during the second collapse is circumferentially different, owing to the slight asymmetry of the laser-generated bubble. In addition, several collapses cause a circular pattern of cavitation erosion, which is unevenly distributed at two places. The present numerical results of three-dimensional plane-symmetric calculation at = 1.1 corresponds well qualitatively to the origination of the two shock waves in the experiment (6) . The circular erosion pattern is expected, based on the spatial distribution of the maximum wall pressure shown in Fig. 19 (ii). 
